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Abstract. Half quantum vortices (HQVs) in superfluid 3He− A have been speculated since
1976. Two years ago, Yamashita et al[1] reported a very unusual NMR satellite in the
rotating superfluid 3He − A in a parallel plate geometry. Recently this satellite has been
interpreted in terms of HQVs[2]. Also, the strong flux pinnings in the triplet superconductors
UPt3, Sr2RuO4 and U1−xThxBe13 have been discovered by Mota and her colleagues[3][4] which
are interpreted in terms of HQVs[5][6][7]. We shall first review the bound state spectra around a
single vortex in unconventional superconductors, which provides the necessary background. In
particular, we find the zero modes of the Majorana fermions in some of triplet superconductors
UPt3, Sr2RuO4 and CePt3Sn. Armed with these results we analyze the microscopic aspects
of HQVs in UPt3 and Sr2RuO4. We compute the quasiparticle density of states and the
local magnetic field around HQVs, which should be accessible to scanning tunneling microscopy
(STM), micromagnetometry and neutron scattering below 300 mK.
1. Introduction
In this century, unconventional or nodal superconductors take center stage[8][9][10]. In
particular, there are many triplet superconductors like UPt3, Sr2RuO4, U1−xThxBe13 and
PrOs4Sb12, Bechgaard salts (TMTSF )2X with X = ClO4, PF6, . . . , UNi2Al3 and CePt3Si.
Of course, the last superconductor is claimed to be an admixture of singlet and triplet
components[10]. However, the NMR data[12] indicates that the singlet component should be
less than 5%. Therefore, the superconducting order parameter of CePt3Si should be similar
to the one in superfluid 3He−A and dominated by the single spin component[13][14]. Also, the√
H dependence of the magnetothermal conductivity in CePt3Si[15] at least has the presence of
another almost non-superconducting band[16]. The first triplet superconductor, superfluid 3He
was discovered in 1972. The superfluid 3He appears in three disguises: 3He−A, 3He−A1 and
3He−B[13][14].
Most of the superfluid properties of 3He are described in the framework of BCS p-wave
superconductors. Of course, unlike classical s-wave superconductors, these superconductors have
large internal degrees of freedom, which manifest themselves as a variety of collective modes and
textures[17][18]. We note that the textures in superfluid 3He − A were first introduced by de
Gennes[19] in analogy to liquid crystals. Then, Volovik and others[20][21][22] have speculated
half-quantum vortices (HQVs) in superfluid 3He−A. In the simplest configurations, lˆ-textures
have to be suppressed to have HQVs. This is realized in the parallel plate geometry where the
gap D between 2 parallel plates satisfies the condition D < 2.3ξD ∼ 23µm where ξD(∼ 10µm) is
the dipole coherence length[23][24]. In spite of the intensitive search for HQVs by the Helsinki
group, HQVs have not been found until recently[25][26]. As already mentioned, we believe
that Yamashita et al.[1] have observed HQVs. The key to their success appears to be the
high precision series of parallel plates with D ≃ 10µm, which had not been achieved in earlier
experiments[25][26].
In section 2, we shall first review the bound-state spectra around a simple vortex in
unconventional or nodal superconductors. For s-wave superconductors the result by Caroli,
de Gennes and Matricon[27][28] is well known. More recently, the result is extended to p-wave
superconductors, as in superfluid 3He−A and 2D chiral p-wave superconductors[29][30][31][32].
In particular, triplet superconductors have the zero mode with E = 0 associated with the
Majorana fermions[33]. We shall establish that the zero mode exists at least in all triplet
superconductors with equal spin pairing (ESP). For example UPt3, Sr2RuO4, P rO4Sb12 and
CePt3Si belong to ESP. Then, in section 3 we shall explore HQVs in UPt3 and Sr2RuO4.
2. Bound state spectra around a single vortex in unconventional superconductors
First let us generalize the result of Caroli, de Gennes and Matricon[27][28] for unconventional
superconductors. For many unconventional superconductors we can write[8]∆(~r, k) = ∆(~r)f(k).
For example, a d-wave superconductor has f(k) = cos(2φ). Also ∆(~r) around the vortex in a
singlet superconductor at x = y = 0 is well approximated by [34][35]
∆(~r) = ∆eiφth(r/ξ) (1)
where ξ ∼ vp/∆ is a variational parameter.
Then substituting Eq(1) into the CdGM formula, the bound state spectrum around a vortex
is given by
ǫn = (n+
1
2
)p−1F
〈∫∞0 dr |∆(r, k)|r e−2K(r,k)〉
〈∫∞0 dre−2K(r,k)〉 (2)
where,
K(r, k) = v−1F |f(k)|
∫ ∞
0
dr∆th(
r
ξ
)
= ξv−1F ∆|f(k)| ln(cosh(
r
ξ
)) (3)
Here 〈. . . 〉 means the average over the Fermi surface. Then we find,
ǫn = ω0(n+
1
2
) (4)
with
ω0 = ∆(pF ξ)
−1I1/I0 (5)
I1 =
1
2
〈
∫ 1
0
ds(1− s)C|f |−1[th−1(√s)]−1〉 (6)
I2 =
1
2
〈B(1
2
, C|f |)〉 (7)
where B(α, β) is the Eulerian beta function. Here C = ∆ξ/vF ∼ 1 and n = 0,±1,±2, . . .. For s-
wave superconductors, Eq.(4) is the CdGM result. For singlet unconventional superconductors,
this gives Volovik’s result[30]. The bound state spectrum is the same as that of the s-wave
superconductors, except that
ω0 = ∆(pF ξ)
−1π
2
[− ln(C)]−1 × [ln(2
δ
)]−1 (8)
where δ is a cut-off parameter for nodal superconductors. In the presence of impurity scattering,
δ is replaced by
√
Γ
∆
, Γ being the quasiparticle scattering rate in the normal state. Therefore,
ω0 is in general a somewhat reduced form of the one for s-wave superconductors.
In the chiral triplet superconductors with equal spin pairing (ESP)[29][31][32], Eq.(4) is
replaced by
ǫn = ω0n (9)
with n = 0,∓1,∓2,∓3, . . .
So there is the zero mode with ǫ0 = 0. The related wave function is obtained following[32]
φ0(r) = (2πI1)
−1/2ξ−1(sech(
r
ξ
))C|f | (10)
where I1 is given by Eq.(6). So, unlike the case of 2D chiral p-wave superconductors, φ0(r)
extends to infinity in the nodal directions where |f(k)| = 0. Also the present result applies
for UPt3, Sr2RuO4, P rOs4Sb12 etc. As already mentioned the zero mode describes Majorana
fermions. Further |φ0(r)|2 is accessible via ultra-low temperature tunneling, with T < ω0 ∼ 100
mK.
3. HQVs in UPt3 and Sr2RuO4
First of all the superconducting order parameters in UPt3 and Sr2RuO4 are described in terms
of lˆ (chiral vector), dˆ(spin vector) and φ the phase of ∆(~r) similar to the one for superfluid
3He − A[5][6][7]. Further, lˆ is fixed parallel to the crystalline −→c -axis. Also, in the absence of
magnetic fields, dˆ‖lˆ just like in superfluid 3He−A. Of course, the relevant energy for dˆ‖lˆ comes
from the spin-orbit term unlike superfluid 3He− A. Nevertheless, we use ξD ∼ µm in order to
describe the relevant length scale.
When a magnetic field
−→
H‖−→c is applied, the uniform texture dˆ‖lˆ is broken in a magnetic field
close to the upper-critical field Hc2(t). We denote the relevant length scale by ξH . Then the
texture free energy takes the same form as in the superfluid 3He−A[6]
F =
1
2
χNC
2
∫
dxdy{K(▽φ)2 +
∑
i,j
|∂idˆj|2 + ξ′−2D (dˆ2x + dˆ2y)} (11)
where χN and C are the spin susceptibility and the spin wave velocity and ξ
′−2
D = ξ
−2
D − ξ−2H .
Here
K =
ρs(t)
ρsp(t)
=
1 + 13F
a
1
1 + 13F1
.
1 + 13F
a
1 (1− ρ0s(t))
1 + 13F1(1− ρ0s(t))
(12)
and ρs(t), ρsp(t) and ρ
0
s(t) are the superfluid density, the spin superfluid density and the bare
superfluid density; F1, F
a
1 are the Landau parameters. Further,
m∗
m = 1 +
1
3F1 are known for
Figure 1. K(t) is shown for (a)UPt3 and (b)Sr2RuO4
UPt3 and Sr2RuO4 (γ-band) as 20 and 16 respectively. Therefore, if we neglect F
a
1 in UPt3 and
Sr2RuO4 we can evaluate K(t) as shown in Fig.(1). In calculating K(t), we need ρ
0
s(t) for E2u
and the chiral f-wave superconductors, which is given by the one for d-wave superconductors[38]
in the weak coupling limit:
ρ0s(t) = 1− 0.647t − 0.335t2 + 0.02t3 (13)
Now let us consider the stability region of HQVs in a magnetic field H parallel to the c-axis.
For this purpose it is convenient to divide the 2D plane (i.e. the u-b plane) in circles of radius a,
which encloses a single flux of quantum φ0 = 2.07 × 10−7Tcm2. This gives a = ( φ0piH )
1
2 . Noting
that the upper critical field is given by
Hc2(t) =
φ0
2πξ2(t)
a =
√
2ξ(t) (14)
at H = Hc2(t).
Making use of Eq.(11), the free energy of Abrikosov’s vortex in a unit cell is given by
FA = πχNC
2 ln(
a
ξ
) (15)
On the other hand, a pair of HQVs in a unit cell is given by
FBP =
π
2
χNC
2{K ln

a+
√
a2 − R24
2ξ

+ ln(a
ξ
)
− R
4a
sin−1

 R√
a2 − R24

+ 1
4
(
R
ξ′D
)2 ln(
4ξ′D
R
)} (16)
Figure 2. H∗(t)/Hc2(t) is plotted as a function of t. The red-line is for UPt3
where R ≤ 2a is the distance between the pair. For K ≫ 1, R is well approximated[2] by
R
2a =
√
2K+1
K+1 . Then Eq.(16) reduces to
FBP =
π
2
χNC
2{K ln
(
a
2ξ
2K + 1
K + 1
2ξ
)
+ ln(
a
ξ
)− 1
2
√
2K + 1
K + 1
sin−1
(
2
√
2K + 1
K + 1
)
+
2K + 1
(K + 1)2
(
a
ξ′D
) ln(
2ξ′D
a
K + 1√
2K + 1
)} (17)
Finally, equating FA = FBP gives,
a
ξ
=
(
2(2K + 1)
1
2
(2K+1)(K + 1)−(k+1)
) 1
K−1
.
(
K + 1√
2K + 1
ξ′D
a
) 2K+1
(K+1)2(K−1)
( a
ξ′
D
)2
(18)
In particular, assuming that ξH = ξD at H = H ∗ (t), we find
H∗(t)
Hc2
=
(
2−(K−2)(2K + 1)(2K+1)(K + 1)−2(K+1)
)− 1
K−1
(19)
Now making use of the K(t)’s shown in Fig.(1), H∗(t)/Hc2(t) for UPt3 and Sr2RuO4 are
obtained as shown in Fig.(2). Surprisingly, H∗(t)/Hc2(t) for UPt3 and Sr2RuO4 are not
distinguishable. We may speculate that H∗(t) corresponds to the B-C boundary in UPt3. No
such boundary has been established for Sr2RuO4. However, considering the anomalous magneto-
specific heat data for Sr2RuO4 below 300 mK[38][39], it is possible that the extra angular
dependence of the magneto-specific heat is due to the Abrikosov vortex to HQVs transformation.
Clearly, further studies of HQVs in Sr2RuO4 is highly desirable.
When dˆ⊥lˆ everywhere, Ivanov[31] has shown that the spin up and spin down components
are decoupled in the Bogoliubov de Gennes equation. Then one of the HQV pairs consists of a
simple quantum vortex with, say, spin up, while the other is the one with spin down.
In this particular case, we can write down the quasiparticle density of states as
Npair =
1
2
(
N(−→r +
−→
R
2
, E) +N(−→r −
−→
R
2
, E)
)
(20)
Figure 3. The local magnetic field generated by a pair of HQVs
where
−→
R = Rxˆ and N(−→r ,E) is the quasiparticle density of states associated with a single
Abrikosov vortex[39]. Similarly the local magnetic field is given by
−→
Hpair =
φ0zˆ
4πλ
(
K0
(
|−→r +
−→
R
2 |
λ
)
+K0
(
|−→r −
−→
R
2 |
λ
))
(21)
where K0(z) is the mollified Bessel function[20] and λ is the magnetic penetration depth. We
have shown a sketch of Eq.(21) in Fig.(3). Also, each spin component has the zero mode
associated Majorana fermion. In reality, however, the condition dˆ⊥lˆ is most likely broken
near the centers of HQVs. We believe Eq.(20) is still valid in the circumstance while the
length scale and the energy scale in Eq.(20) have to be changed accordingly. Nevertheless,
we believe both Eq.(20) and Eq.(21) provide a good guide for experimentalists. These are
surely accessible via STM (scanning tunneling microscopy)[40][41], micromagnetometry[42][43]
and neutron scattering experiments below 300 mK.
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